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DIFFRACTION OF MOLF1cuLAR BEAMS 

By 1. Estermann and 0. S tern  

ABSTRACT 

The results of some famous experiments made t o  v e r i f y  the under- 
lying (De Broglie) postulate  of the quantum theory are presented. 
work takes on new signif icance,  however, because hypersonic flows of 
r a r i f i e d  gases tend t o  resemble the beams of atoms described i n  the 
repor t  and the in t e rac t ion  of those beams w i t h  c r y s t a l s  may be consid- 
ered as a new model f o r  t he  gas-surface i n t e r a c t i o n  problem. 
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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

DIFFRACTION OF MOLECULAR BEAMS* 

By I. Estermann and 0. S tern  

If a molecular beam (H2; He) f a l l s  on a cleavage surface of a 
c r y s t a l  (LiF), the  beams sca t te red  by t h i s  surface show, i n  a l l  d e t a i l s ,  
an i n t e n s i t y  d i s t r i b u t i o n  which corresponds t o  the spec t ra  produced by 
a cross  gr id .  For d i f f e r e n t  m and v the  wavelength ca lcu la ted  from 
t h e  g r i d  constant of the  c r y s t a l  has the value required by De Broglie, 
A = -  h 

mv * 

The following repor t  contains a descr ipt ion of t he  tests which 
were made a t  the  I n s t i t u t e  here during the current  year  f o r  proving the 
wave character  of molecular beams predicted by De Broglie.  
purpose, t he  r e f l e c t i o n  and the sca t te r ing  of molecular beams of helium 
o r  hydrogen by a cleavzge surface of a c r y s t a l  were inves t iga ted .  The 
t e s t  setup was the  same as i n  the  report  of Knauer and Stern;'. however, 
a nmber  of changes were made i n  the  apparatus which w i l l  be described 
below, a t  the appropriate point .  Part I contains the  tests ca r r i ed  
out by Stern from January t o  April;' a b r i e f  repor t  on the results of 
these tests has already been published i n  the  N a t u r w i ~ s e n s c h a f t e n . ~  
P a r t  I1 presents  the  t e s t s  performed by both authors toge ther .  

For th i s  

T 

t. 

*tfE3eugung von Molekularstrahlen. " Untersuchungen zur Molekular- 
strahlmethode aus dem I n s t i t u t  fltr physikalische Chemie der  Hamburgischen 
Universi tgt  No. 15. ( Invest igat ions concerning the molecular-beam 
method from the  I n s t i t u t e  f o r  Physical Chemistry of t he  University a t  
Hamburg, No. 15.) Z e i t s c h r i f t  fltr Physik, vol.  61, 1930, pp. 93-12?. 

lKnauer, F., and Stern,  0.: U. z. M. No. 11, Z e i t s c h r i f t  fUr 

%e tests represent a continuation of the  work of Knauer and 
Stern.  Since M r .  Knauer wanted t o  discontinue his f u r t h e r  co l labora t ion  
i n  the tests because of his own invest igat ions,  S te rn  had t o  continue 
the tests, a t  f irst ,  by himself. 

Physik, vole 53, 1929, PP* 779-791. 

%tern,  0. : Naturwissenschaften, 17, 1929, p. 391. 
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PART I 

Although the  t e s t s  described here are much outdated by the tests 
represented i n  p a r t  11, they w i l l  be b r i e f l y  out l ined a t  this  poin t  
because they contain the  f i r s t  cer ta in  proof of t h e  occurrence of d i f -  
f r a c t i o n  phenomena on a cross g r id  i n  t he  case of molecular beams. The 
t e s t s  of Knauer and Stern regarding the dependence of the r e f l e c t i v i t y  
on the  c r y s t a l  o r i en ta t ion  formed the s t a r t i n g  poin t .  
t he  two or ien ta t ions  drawn i n  f igures  1 and 2 were inves t iga ted .  
the Itstraight ' '  pos i t ion  ( f i g .  l), one of the two p r i n c i p a l  axes ly ing  
i n  the  c y r s t a l  surface i s  perpendicular t o  the plane of incidence. For 
the  other  pos i t ion  ( f i g .  2 ) ,  the  c rys t a l  w a s  ro t a t ed  i n  i t s  plane by 45'. 
I n  w h a t  follows this  pos i t ion  of the c rys t a l ,  i n  which a p r i n c i p a l  axis 
of t he  surface g r id  of ions of the  same p o l a r i t y  i s  perpendicular t o  the  
plane of incidence, w i l l  be designated as the  0-posi t ion.  The angles 
of ro t a t ion  of the  c r y s t a l  i n  i t s  plane are counted from t h a t  pos i t i on  
and are  denoted b r i e f l y  below as "rotation." 
t o  a ro t a t ion  of 4 5 O .  

A t  that t i m e ,  
I n  

Thus, f igu re  1 corresponds 

The apparatus w a s  rebui l t  i n  such R manner t.hat, not only could t he  
two positi.ons mentioned be investigated,  but t he  c r y s t a l  could be con- 
t inuously ro ta ted  i n  i t s  plane with the a i d  of a gear and an  endless  
screw t o  be actuated by a polished stopper. 
an angle of incidence of loo4 i s  given by curve I ( f i g .  3 ) .  
t i v i t y  has a maximum i n  the  two posi t ions inves t iga ted  before ( ro t a -  
t i o n s  0' and 45'). 
a ro t a t ion  of 71' reduces t h e  r e f l e c t i v i t y  by one-half. This behavior 

prompted the  conjecture t h a t  for t he  zero posi t ion,  i n  addi t ion  t o  t h e  
r e f l ec t ed  beam, d i f f r ac t ed  beams penetrated i n t o  t h e  s l i t  of t h e  rece iver  
which a t  a slight t w i s t  of the  c rys t a l  l a t t i c e  pronouncedly changed t h e i r  
pos i t ion  so  that they no longer f e l l  i n t o  the  rece iver  s l i t .  Theoreti-  
ca l ly ,  such d i f f r a c t i o n  maxima are  t o  be expected i f  t h e  cross-gr id  
e f f e c t  does not come from a g r id  b u i l t  up of both pos i t i ve  and negative 
ions, a s  had been assumed i n  t h e  report  of Knauer and Stern,  but  only 
from a g r id  of ions of t he  same polar i ty .  
shows t h a t  i n  the  l a t t e r  case d i f f r ac t ion  spectra  should occur which, 
f o r  t h e  De Broglie wavelengths t o  be expected, form an angle of about 8' 
t o  9' with the  r e f l ec t ed  beam and l i e  almost i n  the  beam plane (within 1' 
t o  2') .  
mined by the  d i r ec t ion  of t h e  beam and the  long edge of t h e  rectangle  
forming the  cross  sect ion of the beam ( 5  x 0.5 mm). 

The result of t h i s  test f o r  
The r e f l ec -  

The sharpness of the maximum f o r  0' i s  considerable; 

2 

The theory (see appendix) 

The "beam plane" i s  understood t o  be the plane which i s  de te r -  

I n  these  tests, t h e  

h e  angle of incidence i s  always understood t o  be the  angle between 
the  incident  beam and the  surface of the c r y s t a l  (glancing angle); small 
angles of incidence therefore  s ign i fy  a f la t  incidence. 
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6 beam f e l l  onto the c r y s t a l  surface i n  such a m a n n e r  t h a t  the  long edge 
of t h i s  rectangle was p a r a l l e l  t o  the c r y s t a l  surface.  
and 2 . )  
s l i t  5 mm, width 0.5 m, distance from the c r y s t a l  15 rmn (see f i g .  4)), 
such maxima a l s o  had t o  g e t  i n t o  the receiver .  The theory y ie lds ,  fur- 
thermore, t h a t  i n  the case of a s l igh t  r o t a t i o n  of the  c r y s t a l ,  the  d i f -  
f r a c t i o n  spectra  mentioned p a r t i a l l y  s h i f t  out of the  beam plane, o r ,  
f o r  f u r t h e r  ro ta t ion ,  possibly are not produced a t  a l l .  Also, according 
t o  the theory, th is  e f f e c t  becomes weaker f o r  l a r g e r  angles of incidence. 
Curve I1 ( f i g .  3 )  i s  i n  agreement with t h i s ;  it was obtained with an 
angle of incidence of 20' and shows considerably f l a t t e r  m a x i m a .  
assumption explains a t  the  same time the  noteworthy r e s u l t  of Knauer 
and Stern t h a t  f o r  a low beam temperature (looo K )  a maximum of r e f l e c -  
t i v i t y  w a s  found a t  an angle of incidence of about 20°. 
perature,  due t o  the  l a r g e r  De Broglie wavelength, the  d i f f r a c t i o n  max ima  
are obtained only a t  an angle of incidence of approximately 20'. 
order t o  make a d i r e c t  invest igat ion of these d i f f r a c t i o n  spec t ra  pos- 
s ib le ,  the  apparatus w a s  r e b u i l t  s o  t h a t  the beam f e l l  onto t h e  c r y s t a l  
"up-end"; the beam plane therefore  now coincided with the plane of i n c i -  
dence ( f i g .  5 ) .  
zonta l ly  t o  the  c r y s t a l  support, whereas it had been attached v e r t i c a l l y  
before ( c f .  f i g s .  6 and 7);  correspondingl;., t he  hem‘ was Incl ined by 
the angle of incidence, llLo (l:?). The receiver  w a s  inc l ined  by the  

same angle but otherwise maintained its pos i t ion  so  t h a t  i t s  axis of 
r o t a t i o n  w a s  then perpendicular t o  the c r y s t a l  surface,  whereas formerly 
it lay  i n  the plane of the c r y s t a l  surface. 
f i r s t  curve obtained with t h i s  arrangement. 
expected d i f f r a c t i o n  m a x i m a .  
a t  a l l ,  although they l i e  more closely t o  the c r y s t a l  surface than the 
re f lec ted  beam (see appendix, p. l7), i s  explained by the  considerable 
height of the receiver  s l i t  (5  m).  
m a x i m a  i s  d e a l t  with here i s  shown by curve I V  ( f i g .  8), which w a s  
obtained with a c r y s t a l  ro ta ted  i n  i t s  plane by 4'3'. 
t h a t  f o r  t h i s  pos i t ion  of the cross g r i d ,  no d i f f r a c t i o n  spec t ra  lying 
so  c lose ly  t o  the r e f l e c t e d  beam occur; i n  agreement with t h e  theory, 
curve I V  does not show any indicat ion of t h i s .  Curves V, V I ,  and V I 1  
( f i g .  8) are obtained with helium a t  high and low temperatures and with 
hydrogen a t  high temperature, and show the same b e h a ~ i o r . ~  The s h i f t i n g  
of the  d i f f r a c t i o n  m a x i m a  with the temperature, t o  be expected according 

t o  De Broglie 's  formula h = mv, - h i s  present as far  as d i r e c t i o n  i s  con- 
cerned but i s  considerably too s m a l l ,  

( C f .  f i g s .  1 
For the,  dimensions of the apparatus used (height of the receiver  

This 

A t  t h i s  t e m -  

In 

This was a t ta ined  by then fas ten ing  the c r y s t a l  hori-  

2 

Curve I11 ( f i g .  8)  i s  the 
It a c t u a l l v  shows the  

That these l a t t e r  d i d  g e t  i n t o  the  receiver  

That i n  r e a l i t y  the  d i f f r a c t i o n  

The theory s t a t e s  

The i n s u f f i c i e n t  range of 

5Sometimes the  same c r y s t a l  was used on severa l  days. I n  this case 
it w a s  conserved by f i l l i n g  the apparatus with helium of 1 t o  2 mm pres- 
sure. 
i t s  surf'ace i s  ruined. 

If t h e  c r y s t a l  i s  l e f t  i n  the  vacuum f o r  any appreciable t i m e ,  
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adjustment could b v e  been the  reason f o r  t h i s ,  as  has already been 
mentioned i n  the  note i n  "Naturwissenschaften"; f o r  a more d e t a i l e d  dis- 
cussion, compare p a r t  11. 
observed r e su l t ed  from d i f f r a c t i o n  by a cross  g r id .  

Anyway, these tests prove that t h e  phenomena 

PART I1 

F i r s t ,  some of t he  tests described i n  p a r t  I were repeated, w i t h  
t h e  same results. A s  was pointed out above, it became c l e a r  that the 
range of adjustment was inadequate. 

ADJUSTMENT 

Adjustment of the Furnace S l i t  

When the apparatus w a s  heated, the furnace s l i t  w a s  ev ident ly  
s h i f t e d  downward, due t o  the  expansion of t h e  gas supply tube carrying 
it; when the apparatus w a s  cooled, the s l i t  w a s  s h i f t e d  upward, due t o  
contract ion of this tube.  
0.5 mm as the  amount of t h i s  s h i f t .  
t he  f a c t  that f luc tua t ing  values were obtained for the  i n t e n s i t y  of t h e  
r e f l ec t ed  beam at  high or  low temperature, according t o  the  adjustment. 
I n  order t o  compensate f o r  t h i s  expansion and simultaneously t o  improve 
the  adjustment during the tes t ,  pa r t  of t he  supply tube was replaced by 
an e l a s t i c  capsule D. Thereby it was possible  t o  s h i f t  t he  furnace 
s l i t  i n  the  d i r ec t ion  of i t s  height  during the t e s t  i n  the manner shown 
i n  f igu re  9 w i t h  the  a i d  of the  screw Sch actuated by the polished 
stopper S. La tera l  s h i f t i n g  was possible, as previously, by ro t a t ing  
the  stopper carrying the  e n t i r e  furnace s l i t .  For tests with a cooled 
beam, an addi t iona l  tube R w a s  b u i l t  in ,  which w a s  f i l l e d  w i t h  l i q u i d  
a i r  and could be connected with the furnace s l i t  by a f l e x i b l e  braided 
copper cord. The furnace s l i t  had, a t  first,  a length of 1 mm; then a 
length of 0.5 mm and a width of 0.2 mm. 

A rough calculat ion y i e l d s  approximately 
It became noticeable,  a l so ,  by 

Adjustment of the Crys ta l  Support 

It happened that, when the c rys t a l  was ro t a t ed  i n  i t s  plane by 90°, 
t he  r e f l ec t ed  beam w a s  sh i f t ed  by several  degrees - an ind ica t ion  t h a t  
t he  r e f l e c t i n g  c r y s t a l  surface was not perpendicular t o  the  axis of ro t a -  
t i o n .  This resu l ted  because the  c rys t a l s  sometimes were not qui te  par- 
a l l e l  on the bearing surf ace. The c rys t a l  support was theref  ore modified 
so  that the bearing surface w a s  fastened i n  a manner similar t o  a Cardm 
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suspension ( f i g .  10). With the a i d  of the screws S1 and S2 which 
were ro t a t ed  from the outside by two polished stoppers provided with 
screwdriver s l o t s ,  the c r y s t a l  surface could be ro t a t ed  about two axes 
perpendicular t o  one another and t o  the axis of ro t a t ion .  
ner t he  c r y s t a l  surface could be adjusted perpendicular t o  the  a x i s  of 
r o t a t i o n  by observation of the re f lec ted  beam i n  the  various pos i t ions  
dist .ant from one another by 90'; this  was possible  wi th in  an accuracy 
of less than O.5O.  The c r y s t a l  was attached t o  the  support i n  such a 
manner t h a t  t he  p r inc ipa l  axes of the  surface g r id  of ions of the  same 
po la r i ty  were p a r a l l e l  t o  the axes of r o t a t i o n  of the Cardan ad jus t -  
ment. For heat ing the c rys t a l ,  a s t r i p  of t h i n  platinum sheet ,  insu-  
l a t e d  with mica, w a s  fas tened t o  the lower s ide  of the  bearing surface; 
t h i s  s t r i p  w a s  heated e l e c t r i c a l l y .  

I n  this man- 

The Receiver 

In  order t o  cor rec t ly  observe the f i r s t  invest igated cross-gr id  
spectra  of the order 0.1, the receiver would have had t o  be r o t a t a b l e  
about the p r inc ipa l  axis of the  surface g r i d  of ions of the  same polar- 
i t y  which lay  i n  the  plane of incidence. (See appendix, p .  17.) For 
the  e x i s t i n g  apparatus, t h i s  would have been a t t a inab le  only with extreme 
d i f f i c u l t y .  I n  the  apparatus used i n  t h i s  tes t ,  the  axis of r o t a t i o n  
of the rece iver  coincided with that of t he  c r y s t a l  support. Thus, t he  
rece iver  would have had t o  be provided wi th  an add i t iona l  moving mech- 
anism i n  order t o  make var ia t ions  of its height  above the  c r y s t a l  sur- 
face  possible .  
t i o n  of the  receiver  channel always pointed toward the  point  of i n t e r -  
sec t ion  of the  axis of ro t a t ion  of the c r y s t a l  support and the  c r y s t a l  
surface.  This, a lso,  would have been a t t a inab le  only a t  the  p r i ce  of 
grea t  mechanical complications. A s  mentioned before, this d i f f i c u l t y  
w a s  avoided i n  the  previous t e s t s  i n  a crude manner by making the rece iver  
s l i t  so high t h a t  beams s t a r t i n g  from the c rys t a l ,  even a t  a r a t h e r  f l a t  
angle, could s t i l l  ge t  i n t o  the  s l i t .  I n  order t o  obtain cleaner  con- 
d i t i ons  and, simultaneously, t o  avoid the  mechanical complications men- 
t ioned before, a receiver  s l i t  of smaller height  (1.5 m) was used and 
the p o s s i b i l i t i e s  of motion of the new c r y s t a l  support were u t i l i z e d .  
Instead of bringing the  receiver  up t o  the c r y s t a l  surface,  t h e  c r y s t a l  
was t i l t e d  about the  axis perpendicular t o  the plane of incidence of 
the  beam. The requirement that the receiver channel always point  t o  
the point  of i n t e r sec t ion  of the  c r y s t a l  support and the c r y s t a l  surface 
w a s  then automatically f u l f i l l e d .  
was increased, but  only by a f e w  degrees. 
t i g a t i o n s  of the  dependence of the  r e f l e c t i v i t y  on the  angle of incidence, 
which i s  reported on below, the r e f l ec t ion  i s  p r a c t i c a l l y  independent of 
the angle of incidence i n  the range considered (angle of incidence up 
t o  XIo)  f o r  the tes t  conditions. 

It would have been necessary t o  make sure that the  d i rec-  

It i s  t r u e  that the  angle of incidence 
A s  w i l l  be shown by the inves- 

It i s  assumed the  same f o r  the 
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d i f f r ac t ion .  The tests were performed i n  such a manner tha t ,  at  every 
posi t ion of the receiver,  a search was made f o r  the "most favorable 
tilt," t h a t  is, the tilt a t  which the i n t e n s i t y  of the d i f f r a c t e d  beam 
a t t a i n s  i t s  maximum. ( C f .  a l so  the discussion on the influence of the 
tilt i n  the appendix, p .  19.) Another small change must be mentioned: 
The long h e l i c a l  springs i n  the manometers were replaced by shor t  e l a s -  
t i c  hooks; thereby the s e n s i t i v i t y  t o  shocks of the manometers w a s  
reduced. 

DIFFRACTION TESTS WITH SODIUM CHLORIDE 

F i r s t  of a l l ,  the t e s t s  with helium and sodium chloride were 

The r e s u l t s  may be seen from curves VI11 
repeated with the improved apparatus, at  f irst  not a t  the  most favor- 
able tilt but a t  constant tilt. 
t o  X ( f i g .  11): angle of incidence, llLo + tilt angle; c r y s t a l  or ienta-  

t ion ,  a ro t a t ion  of 0'. For curve VI11 (tilt angle 0" )  it i s  noted t h a t  
the  re f lec ted  beam i s  strong, while the d i f f r a c t i o n  maxim a r e  r e l a -  

t i v e l y  weak. For curve I X ,  tilt angle 2 , conversely? only a t r ace  

of the r e f l ec t ed  beam can be seen, whereas the d i f f r a c t i o n  maxima are  
much more pronounced and sh i f t ed  toward the outside. According t o  the 
elementary theory of cross gr ids  (see appendix) this behavior i s  t o  be 
expected, since the d i f f r ac t ion  maxima l i e  more closely t o  the  c r y s t a l  
than the  r e f l ec t ed  beam. 
case of strongly t i l t e d  c r y s t a l  is also required by the theory.  
t h e r  proof f o r  the f a c t  that the d i f f r ac t ion  maxima stemming from a 
cross  g r id  are  dea l t  with here may be seen from curve X f o r  which the 
c r y s t a l  bad been ro ta ted  i n  i t s  plane by about loo. By this r o t a t i o n  
one maximum i s  reinforced, the other weakened (see appendix, p. 20) 
f o r  constant tilt. 

2 

0 6  
< -  

The spread of the d i f f r ac t ion  maxima i n  the 
A fur- 

Curves x7: and X I 1  ( f ig .  12) reproduce the r e s u l t s  of a tes t  with 

most favorable tilt (angle of incidence llLo + tilt angle, beam tempera- 

t u re  f o r  curve XI 290' K, f o r  cwve XI1 580' K). I n  agreement w i t h  the 
theory, the angles of most favorable tilt increase with the dis tance 
from the  re f lec ted  beam. 
it was ve r i f i ed  a l so  i n  a l l  following t e s t s .  

2 

Table 1 shows t h i s  behavior i n  the  above t e s t ;  

h e  tilt angles are  estimated on ly  from the dimensions of the  
c r y s t a l  support; t h e i r  absolute value i s  uncertain up t o  20 percent.  

The r e l a t i v e  accuracy amounts t o  about lo 4' 
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The calculated distance of the  cross-grid spectra  from the mirrored 
beam r e s u l t s  from t a b l e  2. 

For the t e s t  described i n  p a r t  I, the  pos i t ion  of the  m a x i m u m  found 
a t  room temperature agreed with the  calculated one f o r  the order 01. 
The temperature shift  of the  maxima was considered too  small even then; 
it was emphasized t h a t  t h i s  r e s u l t  was not c e r t a i n  because of inadequate 
adjustment. The tests made with the improved adjustment and f l a t  angle 

of incidence, llLo, (curves VIII, I X ,  X I ,  and XII) yielded, a t  room 

temperature, the same r e s u l t  f o r  constant angle of incidence as w e l l  as 
for the most favorable tilt. The temperature s h i f t ,  however, w a s  prac- 

t i c a l l y  0; a l s o  f o r  580' K the maximum l a y  approximately a t  It i s  
assumed t h a t  the reason f o r  t h i s  i s  that f o r  sodium chloride t h e  maxima 

of the order 02 a l s o  a re  very intensive.  For a f l a t  incidence (11go), 

the m n x i m u m  of the  order 02 would be suppressed f o r  geometrical reasons 
( s e e  appendix, p. 16) a t  room temperature; a t  a high beam temperature, 
i r ,  contrast ,  it would be c l e a r l y  noticeable. 

2 

I n  order t o  prove t h i s  assumption, t e s t s  were made with a steeper 

angle of incidence (1%'; 1:3) at  three temperatures (curve XI11 looo K, 

curve XIV 290' K, and curve XV 580° K (see f i g .  13)), and, especial ly ,  
the curve f o r  roon temperature ( X I V )  was measured with p a r t i c u l a r  care 
(distance of the  t es t  points lo). 
maximurn of the  order 02 should s t i l l  be noticeable a t  room temperature, 
a l so .  Actually, curve XIV does have the character  of a curve r e s u l t i n g  
from superposit ion of the two orders,  
perature,  shows the m a x i m u m  a t  the point w h e r e  it i s  t o  be expected f o r  
the order 02. 
i n t e n s i t y  of the second order would increase i n  comparison t o  the first.  
Conversely, f o r  curve XIII, 100° K, the maximum i s  approximately a t  the 
point t o  be expected f o r  the f i rs t  order, since here the second order 
i s  so  f a r  d i s t a n t  from the mirrored beam (290 )  t h a t  it i s  g r e a t l y  weak-  
ened, if only f o r  geometrical reasons. Theoretically,  it ought t o  be 
per fec t ly  reasonable t h a t  the r a t i o  of the  i n t e n s i t i e s  of the  d i f f e r e n t  
orders should vary with the temperature, because t h i s  r a t i o  i s  known t o  
be g r e a t l y  dependent on the form of the g r i d  l i n e s .  
w i t h  a higher ve loc i ty  will penetrate more deeply i n t o  the p o t e n t i a l  
f i e l d  of the c r y s t a l  than the slower ones.8 

For t h i s  angle of incidence, the 

Curve XV, obtained a t  high t e m -  

Thm it appears as i f ,  with r i s i n g  temperature, the  

The helium atoms 

It i s  therefore  qui te  

7Since the posi t ion of the mirrored beam, p a r t i c u l a r l y  because of 
i t s  shape, could not be determined more accurately than within about lo, 
the mean distance was always measured between the  maxima on both s ides .  

mechanics also. 
h i s  conclusion from the c l a s s i c a l  theory i s  maintained i n  wave 
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conceivable t h a t  the "form of the  grid l ines"  i s  d i f f e r e n t  f o r  helium 
atoms of d i f f e r e n t  ve loc i t i e s .  If this should be t rue ,  inves t iga t ion  
of the  i n t e n s i t y  r a t i o  of the d i f fe ren t  orders would provide a means 
f o r  learning something about t he  poten t ia l  va r i a t ion  a t  the  surface of 
a c r y s t a l .  O f  course, t h i s  in te rpre ta t ion  of the  t es t  r e s u l t s  i s  s t i l l  
completely hypothet ical  and would have t o  be checked by t e s t s  w i t h  
"monochromtic" molecular beams (molecular beams of a s ingle  ve loc i ty )  . 
Such an  inves t iga t ion  w i l l  probably no longer o f f e r  any p a r t i c u l a r  
experimental d i f f i c u l t i e s  and i s  being s t a r t e d .  
more de t a i l ed  inves t iga t ion  has not been made of t he  s i t u a t i o n  i n  the  
case of sodium chloride,  which i s  evidently somewhat complicated, s ince 
it has meanwhile been found out t h a t  tests on 
simpler and c l ea re r  p ic ture .  
t h a t  t h e  in t e rp re t a t ion  of the  observed phenomena as d i f f r a c t i o n  of the 
De Broglie waves of t he  molecular beam by the  cross  g r i d  of t h e  c r y s t a l  
surface of NaCl seems t o  be completely ce r t a in .  

For the  time being, a 

LiF g r ids  y i e l d  a much 
S t i l l ,  it Should be emphasized once more 

DIFFRACTION TESTS WITH LITHIUM FLUORIDE 

A considerably b e t t e r  ref lect ion,  sharper beams, and more intensive 
Also, t h e  d i f fuse  d i f f r a c t i o n  maxima were obtained i n  tests with LiF.9 

subsurface which was s t i l l  perceptibly present i n  the  sodium chlor ide 
t e s t s  w a s  now p r a c t i c a l l y  unnoticeable. 

Curves XVI t o  X I X  ( f i g s .  14 t o  16) and t ab le  3 contain the  results 

of the tests with an angle of incidence of llLo and the most favorable 

tilt. The calculated posi t ions of the m a x i m a  are marked i n  the  curves 
by a r r ~ w s .  The agreemnt  between calculztion and eqe r imen t  l i es  com- 

p l e t e l y  within the  t es t  accuracy of Lo t o  lo, with the  exception of t he  
2 

values f o r  hydrogen a t  290° for which the  maximum f o r  t he  "most probable 

wavelength, 16- , l i es  outside the  angle of incidence, llio + tilt 
angle. 
half  t h e  angle of incidence because, otherwise, t he  c r y s t a l  surface 
would shut out t he  d i f f r ac t ed  beam. Actually, t he  tilt angle cannot 
even be made t h a t  large,  due t o  the  f i n i t e  expansion of t he  beam; i n  
the case above, the  tilt angle cannot be made l a rge r  than 4'. The max- 

2 

2 

11 3 O  

4 2 
However, t he  tilt angle i s  limited; it must not be l a r g e r  than 

i m m  found at 14- lo i s  thus simulated by the  decrease a t  la rge  angles 

~~ 

gArtif i c i a l  c rys t a l s ,  manufactured by R .  Pohl, G t t i n g e n ,  were used. 
The authors would l i k e  t o  express here, a lso,  t h e i r  h e a r t f e l t  g ra t i t ude  
t o  M r .  Pohl f o r  h i s  kindness i n  l e t t i n g  them have h i s  e n t i r e  s tock of 
LiF c r y s t a l s .  
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(long waves). 
dence, shows the  maximum a t  the correct point .  

The curve reproduced l a t e r ,  with a l a r g e r  angle of i n c i -  

Curves XX t o  IMVI ( f i g s .  17 and 18) and table 4 contain the r e s u l t s  
f o r  an angle of incidence of do and the most favorable tilt. 2 

Curve xx ( f i g .  17) gives a complete curve as an example; i n  curves XXI 
t o  XXVI: ( f i g .  18) there  i s  always one-half of t h e  measured curve shown, 
with o m i s s i o n  of the mirrored beam. For helium of 100' K, t h e  maximum 
has already been found at angles that are too s m a l l ;  t h i s  i s  again t o  
be explained by the f a c t  t h a t ,  f o r  the most probable wave length  Am, 
the  d i f f r a c t i o n  maximum l ies  outside the angle of incidence. 
remarkable t h a t ,  i n  a l l  cases where the deviat ion from the calculated 

It i s  

value i s  la rger  than - lo , the  m a x i m u m  i s  found t o  l i e  a t  angles smaller 
4 

than the  calculated ones. 
reasons (see the following sect ion) ,  the i n t e n s i t y  i s  measured somewhat 
too  small f o r  large angles. Thereby the maximum of the curve i s  s h i f t e d  
somewhat toward smaller angles. It  m a y  therefore  be sa id  t h a t  i n  a l l  

This i s  caused by the  f a c t  t h a t  f o r  various 

cases the agreement between observed i d  
p l e t e l y  within the t e s t  accuracy f o r  the 
well .  The d i f f r a c t i o n  maximum of helium 
instance,  l i e s  a t  the same point as that  
absolute temperature. The curves XXI t o  
f i rmat ion of De Broglie 's  re la t ionship 

calculated values l i e s  com- 
l a r g e r  angle of incidence as 
a t  room temperature, f o r  
of hydrogen at double the 
XXVI thus give a complete con- 

with respect  t o  the dependence of the  wavelength on m and v as wel l  
as w i t h  respect t o  the absolute values themselves. 

So far, it ha6 been t a c i t l y  assumed t h a t  the i n t e n s i t y  d i s t r i b u t i o n  
i n  the d i f f r a c t i o n  maxima corresponds t o  the Maxwell d i s t r i b u t i o n  of the 
v e l o c i t i e s  or  wavelengths i n  the molecular beam. A comparison of the  
d i f f r a c t i o n  curves of the present tests w i t h  the Maxwell d i s t r i b u t i o n  
i n  the  beam represented i n  wavelengths .(curve XXVII, f i g .  19) shows 
t h a t  t h i s  assumption i s  t rue,  generally speaking. It appears, however, 
that the i n t e n s i t y  decreases somewhat too s t rongly f o r  large angles 
(long waves). This has the following reasons: The dispers ion increases  
w i t h  growing distance from the mirrored beam. The angle j3 (see appen- 
dix, p.  16) i s  given f o r  the f i r s t  order by 

L 

h cos p = - 
d 
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thus 

dh -1 
d s i n  p dp = 

t h a t  is ,  the wavelengths contained i n  the wave range dh are d i s t r i -  
buted over a range of angles dp which increase with decreasing s i n  p, 
thus a l s o  decreasing p .  For s m a l l  d i f f rac t ion  angles R - p, p i s  
almost 90'; thus s i n  p i s  almost 1. For the d i f f r a c t i o n  angles up 
t o  about 20' which are of i n t e r e s t ,  the values of s i n  p are 

0 
.5 
10 
15 
20 i 

9962 

= 9397 

A l l  of them are s t i l l  very nearly equal t o  1; even so,  t h i s  influence 
cailsec a too rapid decrease of the in tens i ty  toward l a r g e r  d i f f r a c t i o n  
angles. The second reason l ies  i n  the t e s t  arrangement, t h a t  i s ,  i n  
the f a c t  t h a t ,  f o r  la rger  angles, one can no longer see from t h e  receiver  
the e n t i r e  surface of the c r y s t a l  "illuminated" by the  molecular beam. 
This i,?-r'luence would have t o  be calculated from the  dimensions of the  
sppai-stus. It w i l l  be s u f f i c i e n t  t o  indicate  an upper l i m i t  for it. 
The area seen from the  receiver is  at least equal t o  the area seen a t  0" 
multiplied by the cosine of the d i f f rac t ion  angle R - p .  This reduc- 
t i o n  i s  therefore,  a t  most, as large as t h a t  due t o  the dispersion; the  
t o t a l  reduction by the two influences could therefore,  a t  most, amount 
t o  12 percent, f o r  a 20° d i f f r a c t i o n  angle. Experimentally, t h e  reduc- 
t i o n  seems t o  be, i n  par t ,  s t i l l  larger .  It would, a f t e r  a l l ,  be pos- 
s i b l e  t h a t  a real  e f f e c t  i s  involved here, perhaps i n  such a manner 
t h a t  the long waves (slow molecules) do not penetrate s u f f i c i e n t l y  
deeply i n t o  the poten t ia l  f i e l d  of the grid,  t h a t  therefore  the g r i d  
l i n e s  are,  as it were, too f l a t  f o r  them. A more d e t a i l e d  discussion 
of these e f f e c t s  w i l l  be postponed u n t i l  the  above-mentioned i n v e s t i -  
gations with monochromatic molecular beams have been car r ied  out .  

A few more curves (XXVIII t o  XXX, f i g .  20) a re  shown with constant 
tilt a t  tilt angles of Oo, 3 O ,  and 6', f o r  which it can be seen very 
well  how the mirrored beam disappears with increasing tilt angle, while 
the d i f f r a c t i o n  maxima become much stronger and s h i f t  outward. I n  

. 
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curve Mw ( f i g .  21), s t i l l  another t e s t  i s  presented with a c r y s t a l  
ro ta ted  i n  i t s  plane by 8'; i n  this curve the  per ta ining tilt angle i s  
noted f o r  each t e s t  point .  It can be seen c l e a r l y  how on one s ide  a 
pronounced maximum i s  obtained a t  the  correct  point  ( 1 2 O )  without any 
considerable tilt, while on the other  side, i n  s p i t e  of the  max imum 
tilt, only t r a c e s  of a maximum remain v i s ib l e .  A s  has been remarked 
already, i n  connection with the corresponding sodium chlor ide tests,  
t h i s  behavior corresponds i n  a l l  d e t a i l s  t o  the  theory. 

DIFFRACTION SPECTRA I N  THE PLANE: OF INCIDENCE 

After it had been found t h a t  LiF has a surface g r i d  which i s  much 
more suitable f o r  these t e s t a  than tha t  of N a C 1 ,  t he  types of spec t ra  
which Knauer and Stern had investigated f o r  sodium chloride were a l s o  
invest igated f o r  LiF. 
not only because of the  bad propert ies  of the 
as has been explained i n  par$ I, due t o  t he  rece iver  s l i t  being too  
high, t he  d i f f r a c t i o n  maxima investigated above, which l ay  beside the 
mirrored beam, i n  p a r t  a l so  got i n t o  the rece iver .  Therefore, the  
height of the  receiver  w a s  reduced t o  1 m f o r  these tests; t h i s  w a s  
qui te  su f f i c i en t ,  espec ia l ly  since,  fo r  LiF, t he  d i f f r a c t i o n  m a x i m a  
mentioned l i e  f a r t h e r  away from the beam due t o  the  smaller g r i d  con- 
s t a n t .  
again.  The or ien ta t ion  of the c rys t a l  was such t h a t  the  plane of i nc i -  
dence w a s  p a r a l l e l  t o  a cube face  of the c rys t a l ;  the angle w a s  thus  
halved between the  p r inc ipa l  axes of the surface g r id  of ions of t h e  
sane po la r i ty  ( ro t a t ion  45O, c f .  p.  2 ) .  
fo re  are of the order +1, +1, o r  -1, -1. They correspond t o  the spec t r a  
of a l i n e  g r id  with the  g r i d  constant 

Thus, these spec t ra  are much simpler than the  cross-grid spec t r a  inves- 
t i g a t e d  above. Since they l i e  i n  the plane of incidence, t h e  complica- 
t i o n  due t o  the  tilt of the  c r y s t a l  is eliminated. Nevertheless, a 
much more thorough inves t iga t ion  of the cross-grid spec t ra  w a s  con- 
s idered desirable  because they are much more intensive and much cleaner  
than the  l ine-gr id  spectra.  The reason i s  evident ly  t h a t  i n  t h e  case 
of cross-grid spectra  the  incident  beam as wel l  as the  d i f f r a c t e d  beams 
form only s m a l l  angles with the  c rys t a l  surface; thus,  the "roughness" 
of t he  surface ( c f .  the  considerations i n  the  sect ion on r e f l e c t i o n )  i s  
not too  dis turbingly noticeable.  For a ro t a t ion  of the c r y s t a l  by 45' 
( thus  f o r  the  posi t ion denoted as ro ta t ion  0) ,  the  corresponding spec t r a  
( i n  t h i s  case, of the order 01) were j u s t  barely percept ib le .  
curves XXXII t o  XLI ( f i g .  22) t he  r e su l t s  are given f o r  helium and the  
beam temperatures 100' and 290' K for  angles of incidence from 10' 
t o  70'. 

Those old tests had not given any c l e a r  r e s u l t s ,  
NaC1,  but  a l s o  because, 

Aside from t h i s ,  the arrangement drawn i n  figure 6 w a s  used 

The d i f f r a c t i o n  spec t ra  there-  

. (See appendix, p. 21.) & 

I n  

The arrows give the calculated pos i t ions  of t he  d i f f r a c t e d  
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beam f o r  Am. A s  can be seen, the agreement between the  calculated and 
observed posi t ions l i e s  generally within the observation accuracy which 
ir, t h i s  case, since measurements were made only a t  every 5', i s  approxi- 
mate- 2 O  t o  30. 

Only f o r  short  waves and large angles of incidence are the  measured 

The f a c t  t h a t  these devi- 
m a x i m a  i n  a posi t ion which is, compared t o  the  calculated m a x i m a ,  shifted 
toward the r i g h t  ( la rger  angles) by up t o  7'. 
a t ions  occur only a t  large angles of incidence and even then only f o r  
shor t  waves (beam at room temperature) shows c l e a r l y  t h a t  evident ly  the  
roughness of the surface already plays a par t  here; the ex t raord inar i ly  
bad r e f l e c t i o n  supports t h i s  opinion. The d i rec t ion  of the s h i f t  would 
indicate  t h a t  the long waves are favored while the  opposite i s  t r u e  f o r  
the short  waves. Regarding the curves f o r  290° K, it should be noted 
a l s o  that f o r  angles of incidence below 4 5 O ,  i n  agreement with t h e  
theory, no "negative" m a x i m a  (angle of d i f f r a c t i o n  smaller than angle 
of r e f l e c t i o n )  were found. 
nent w i t h  the theory for these spectra as w e l l .  

Thus, a l l  observations are i n  p e r f e c t  agree- 

1 a w  

The r e f l e c t i o n  of the molecular beams of He from LiF obeys the  

of r e f l e c t i o n  within the tes t  accuracy ( in ,  t h i s  case about Thi  s 

appl ies  a l so  for the  other cases investigated ( H 2  from LiF, H2 and 
He 
and the beam i s  somewhat i n d i s t i n c t .  
(maximum i n t e n s i t y  i n  the r e f l e c t e d  beam divided by m a x i m u m  i n t e n s i t y  
i n  the d i r e c t  beam) vary somewhat, of course, according t o  the qua l i ty  
and the age of the c r y s t a l  cleavage surface; however, the order of mag- 
nitude i s  always reproducible. Quite generally speaking, the r e f l e c -  
t i v i t y  depends strongly on the angle of incidence and the  or ien ta t ion  
of the c r y s t a l .  

from N a C l ) ;  however, the re f lec t ion  i s  not as strong i n  these cases 
The values of the r e f l e c t i v i t y  

Dependence on the  Angle of Incidence 

I n  a l l  cases the  r e f l e c t i v i t y  decreases with increasing angle of 
incidence. 
ure 23 ( r e f l e c t i v i t y  of LiF f o r  He f o r  s t r a i g h t  or ien ta t ion  of the  
c r y s t a l ,  r o t a t i o n  45'). The most natural  explanation i s  probably that 
the  c r y s t a l  cleavage surface represents a d u l l  surface.  For such a 
surface, the specular r e f l e c t i o n  becomes considerable only when the 
project ion of the height of the  roughnesses onto the beam becomes 

Compare, for instance, the curves XLII and XLIII i n  f i g -  



smaller than the wavelength. The same behavior w a s  found i n  t h e  r e f l e c -  
t i o n  of molecular beams from highly polished surfaces i n  the  t e s t s  of 
Knauer and Stern wherein, corresponding t o  roughnesses of about 10-5 cm, 
angles of incidence of about 10-3, t h a t  is, of a few minutes, had t o  be 
used i n  order t o  obtain the beginning of specular r e f l e c t i o n .  I n  the 
case a t  hand, conversely, from the appearance of very good r e f l e c t i o n  
a t  angles of incidence up t o  20' and a s teep drop a t  l a r g e r  angles, it 
should be concluded t h a t  there  e x i s t  roughnesses of the  order of mag- 
nitude of only a f e w  wavelengths (2  t o  3 ) ,  thus about lA. T h i s  i s  t h e  
order of magnitude of the amplitude of the temperature o s c i l l a t i o n  of 
the  gr id  ions.  
r e f l e c t i v i t y  with decreasing temperature of the  crystal .1°  
pendently of t h i s  assumption regarding the  character of the roughnesses, 
the increase i n  r e f l e c t i v i t y  with decreasing beam temperature (longer 
De Broglie waves), which can be seen from the  curves, seems t o  favor  
the i n t e r p r e t a t i o n  as a r e f l e c t i o n  from a d u l l  surface.  It i s  t r u e  
t h a t  the observations of the  authors of t h i s  paper do not show t h i s  
increase i n  a l l  cases; even the inverse behavior occurs sometimes. How- 
ever,  th is  r e s u l t  need not absolutely cons t i tu te  a contradict ion of the  
above assumption, since the l a t t e r  re fers  t o  the e n t i r e  r a d i a t i o n  scat-  
t e r e d  i n  phase by the c r y s t a l  surface, and therefore  contains not only 
the d i r e c t l y  re f lec ted  beam but a l so  the d i f f r a c t e d  beams. Unf'ortu- 
nately,  t h i s  t o t a l  in tens i ty  cannot be determined, s ince a l l  d i f f r a c t e d  
beams could not be investigated.  A decision concerning the  admiss ib i l i ty  
of the authors '  assumption is ,  of course, possible only on t h e  basis of 
such measurements; nevertheless, it w i l l  be regarded, for the  time being, 
as a n a t u r a l  working hypothesis which i s  compatible with the  experimental 
r e s u l t s .  I f  t h i s  assumption should be confirmed, the amplitude of t h e  
temperature o s c i l l a t i o n s  of the ions could be measured i n  a simple man- 
ner, the existence of a zero-point energy, f o r  instance, could be proved. 
(Cf . the  corresponding tests with X-rays. ) 

0 

This i n t e r p r e t a t i o n  i s  supported by the increase i n  
Quite inde- 

Dependence on t h e  Crystal  Orientation 

F i r s t  of a l l ,  it w a s  almost always found that t h e  r e f l e c t i o n  was 
considerably la rger  (frequently more than twice as l a r g e )  f o r  a s t r a i g h t  
pos i t ion  of the  c r y s t a l  ( r o t a t i o n  45Q) than f o r  oblique posi t ions ( ro ta -  
t i o n  O O ) .  This seems t o  indicate  tha t  a t  the oblique posi t ion,  so much 
of the  i n t e n s i t y  scat tered i n  phase goes i n t o  the d i f f r a c t i o n  m a x i m a  of 
the order 01, which are here par t icu lar ly  intense,  t h a t  not much i s  l e f t  
f o r  the mirrored beam. For the s t r a i g h t  posi t ion of t h e  c r y s t a l  these 

low. Knauer and Stern, 1.c.  
have reproduced t h i s  r e s u l t  repeatedly. 

The authors of the  present report  
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maxima are not present,  but only the  considerably weaker ones of t he  
order 11. For hydrogen, f o r  which the i n t e n s i t y  of the  d i f f r a c t i o n  
maxima i s  very much smaller, the  difference i n  r e f l e c t i v i t y  i n  the  two 
pos i t ions  a l so  i s  much less. Here, also, a c e r t a i n  i n t e r p r e t a t i o n  i s  
possible  only after measurement of a l l  d i f f r a c t i o n  spectra;  however, 
i n  t h e  mirrored beam and the d i f f r ac t ion  spec t ra  invest igated,  f o r  a 
f l a t  incidence (up t o  20') and f o r  LiF and He, about half the  t o t a l  
i n t e n s i t y  of the incident  beam i s  already contained, so that - s ince  
some d i f fuse  s c a t t e r  i s  ce r t a in ly  present as  w e l l  - not much i n t e n s i t y  
i s  l e f t  avai lable  f o r  the  remaining spectra . l l  
r e f l e c t i v i t y  on the  or ien ta t ion  of the c r y s t a l  seems t o  be r a t h e r  com- 

beam temperature 290' K) gives an example f o r  t h i s .  However, t he  pos- 
s i b i l i t y  must be considered t h a t  this var ia t ion ,  e spec ia l ly  t h e  large 
changes i n  in t ens i ty  a t  small angles of ro ta t ion ,  i s  influenced i n  addi- 
t ion ,  by d i f f r a c t i o n  maxima ge t t i ng  into the  rece iver  s l i t ,  i n  analogy 
t o  curves I and I1 i n  p a r t  I .  
have t o  l i e  very close t o  the ref lected beam (<3"), they would have t o  
be produced by a g r id  with large gr id  constant.  
moleculesu could produce t h i s  condition, but of course o ther  i n t e r -  
p re ta t ions  are possible a l so .  A discussion w i l l  be use fu l  only when 
more observations have been made. 

The dependence of the  

p l ica ted ;  curve XLlV i n  f igure  24 (He from LiF, angle of incidence 11- lo 
2 '  

Since these d i f f r a c t i o n  spec t r a  would 

A g r i d  of adsorbed 

Among the  other  c rys t a l s  investigated were K C 1  and KBr. For He 
and K C 1  a r e f l ec t ion  of the same order of magnitude as  f o r  sodium 
chloride was obtained, but a weaker d i f f rac t ion ;  f o r  
weak r e f l e c t i o n  and no measureable d i f f rac t ion .  
t i g a t e d  w a s  neon, which does not show any percept ible  regular  r e f l e c t i o n  
e i t h e r  from LiF o r  KC1.  

KBr only a very 
Among o ther  gases inves- 

The experiments described here need t o  be supplemented i n  many 
respec ts .  Obviously, t e s t s  w i t h  "monochromatic" molecular beams w i l l  
y ie ld ,  i n  ce r t a in  respects,  much simpler results which cam be in t e rp re t ed  
more easily. 
u l a r  experimental d i f f i c u l t i e s .  It m a y  be achieved either by r o t a t i n g  
gears  o r  by "preseparation" with a second c rys t a l .  On the o ther  hand, 
it would be very important f o r  the  continuation of the  tests, t o  

The monochromatization w i l l  probably not o f f e r  any p a r t i c -  

l l T h i s  i s ,  a t  the same time, good evidence t h a t  i n  these tests,  no 
se l ec t ion  of wavelengths takes place, which a l so  fo l lows  d i r e c t l y  from 
the  d i f f r a c t i o n  curves. 

of adsorbed molecules; these l a t t e r  would then have t o  agree with t h e  
LiF g r i d  with respect  t o  g r id  constant and arrangement. 

121t might a l so  be possible tha t  th i s  cross  g r id  cons i s t s  a l toge ther  
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0 

invest igated theo re t i ca l ly  i n  more d e t a i l  p a r t i c u l a r l y  the  problem of 
the  d i s t r i b u t i o n  of the  in t ens i ty  over the  mirrored beams and t h e  d i f -  
f r ac t ed  beams. 

SUMMARY 

The present t e s t s  have shown t h a t  a beam of He o r  H2 molecules, 
which impinge on a cleavage surface of LIF, i s  d i f f r ac t ed  by t h e  l a t t e r  
as by a cross  g r id .  
0, -1; 1.1, and -1, -1) were investigated; angles of incidence and 
or ien ta t ion  of t he  g r id  were var ied .  
var ied by changing the  temperature of t he  beam (va r i a t ion  of v )  and 
changing the  gas (va r i a t ion  of m ) .  The r e s u l t s  of the tests may be 
summarized as follows: 
cleavage surface,  t he  re f lec ted  and scat tered beams show an i n t e n s i t y  
d i s t r i b u t i o n  which corresponds i n  a l l  d e t a i l s  t o  the  i n t e n s i t y  d i s t r i -  
bution occurring i n  the  d i f f r a c t i o n  of waves by a cross  g r id .  If the  
dis tance between ions of the same polar i ty  is  subs t i tu ted  f o r  t h e  g r i d  
constant of the cross gr id ,  the exact De Broglie value h = - i s  

obtained f o r  the  wavelength t o  be correlated t o  the beam. 

Various orders of the  d i f f r a c t i o n  spec t ra  (0.1; 

The De Broglie wavelength w a s  

If a beam of gas molecules impinges on a c r y s t a l  

h 
mv 

Translated by M a r y  L. Mahler 
National Advisory Committee 
f o r  Aeronautics 
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APPENDIX 

CALCULATION OF THE CROSS-GRID SPECTFU, 

..e 
e I n  considering a square cross grid, the x- and y-axes of the 

Cartesian coordinate system are  placed along the  two p r i n c i p a l  axes of 
the  gr id ,  and the zero point a t  the piercing point  of the incident  beam. 
The cross sect ion of the l a t t e r  i s  assumed t o  be i n f i n i t e l y  small. If 
the incident  beam forms the angles %, Po, and 70 with the x-, y-, 
and z-axes, the  d i rec t ion  of a d i f f rac ted  beam i s  determined by t h e  
angles a, p, and 7 which result from t h e  equations 

h 
COS u - COS 9 = h l  - 

d 

The symbol X i s  the  wavelength, d i s  the g r i d  constant, and 
hl and h2 are  integers  (order numbers of the  spectrum). Every d i f -  
f rac ted  beam i s  thus the s t ra ight  l i n e  of in te rsec t ion  of two cones 
about the x- or y-axis with the vertex a t  the zero point and the  gen- 
e r a t i n g  angles a, and p .  

F i r s t  considered i s  the special  case where the plane of incidence 
i s  the x,z-plane. Then 

po = goo, cos PO = 0, and c[o = R - YO 

I f  h l  = h2 = 0, the re f lec ted  beam i s  obtained as the s t r a i g h t  l i n e  of 
i n t e r s e c t i o n  of the  a-cone, the cone about the x-axis with t h e  angle 
where now 
the x,z-plane. I f  h l  = 0, h2 = 21, the  r e s u l t  i s  a spec t ra  of the 
order 0, +1, which was chief ly  investigated.  The d i f f r a c t e d  beams then 
are  the straight l i n e s  of intersect ion of the a-cone with t h e  angle 
a = ag and of the  p-cone with the angle p, whose numerical value 
r e s u l t s  from the  equation 

a, 
a = w, and of the p-cone which i n  t h i s  case degenerates i n t o  

x cos p = f- d 
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(See f i g .  25. ) For e a s i e r  
v i sua l iza t ion ,  the c i r c l e s  of intersect ion of the  cones are considered 
with the uni t  sphere about the zero point projected on the y,z-plane 
p a r a l l e l  t o  the x-axis ( f i g .  26).  
between a-cone and unit sphere) i s  mapped, without change i n  s i z e ,  as 
a c i r c l e  about the zero point; the  two p-circles ( h2 = +1 become 
s t r a i g h t  l i n e s  p a r a l l e l  t o  the z-axis. The guide beam from the zero 
point  t o  the receiver,  which i s  rotatable  about the z-axis, c u t s  out 
of the u n i t  sphere a c i r c l e  p a r a l l e l  t o  the  x,y-plane ("receiver  c i r c l e " )  
whose project ion forms a straight l i n e  tangent t o  the a - c i r c l e  a t  the 
point  of in te rsec t ion  with the  z-axis and p a r a l l e l  t o  the y-axis.  The 
receiver  i s  assumed t o  be adjusted - as it had been i n  the  tests - i n  
such a manner t h a t  it takes i n  the ref lected beam at the  pos i t ion  i n  
the  plane of incidence. As can be seen from f igure  26, it would thus 
not be possible t o  measure the  d i f f rac ted  beam with this  arrangement, 
since it l ies  more closely t o  the c r y s t a l  than the re f lec ted  beam. I n  
the first t e s t s ,  t h i s  d i f f i c u l t y  w a s  avoided by working with a high 
receiver  s l i t  so t h a t  the receiver covered the  s t r i p .  This can be seen 
f rom f igure  26. For the tests i n  part  11, t h e  c r y s t a l  was t i l t e d  about 
the  y-axis, as mentioned i n  the  text. T5e pazrallel project ion drawn i n  
f igure 27 ( the coordinate system i s  fixed t o  t h e  c r y s t a l  and i s  t i l t e d  
with i t )  d i f f e r s  then from the former project ion by the f a c t  t h a t  the 
a - c i r c l e  becomes larger ,  due t o  the increase of the angle of incidence 
by the tilt angle, and t h a t  the receiver c i r c l e  i s  projected, ins tead  
of i n t o  a s t r a i g h t  l ine ,  i n t o  a very f l a t  e l l i p s e  which i n t e r s e c t s  the  
a,-circle. 
z-axis with c r y s t a l  not t i l t e d ) ,  the tilt angle can therefore  be chosen 
i n  such a manner t h a t  the d i f f rac ted  beam g e t s  i n t o  the receiver .  
Because of the f i n i t e  dimensions of beam and receiver,  t h i s  angle is, 
of course, actual ly  not quite sharply defined; as mentioned i n  the text, 
the  procedure used w a s  t o  seek every time t h a t  tilt angle which corre- 
sponded t o  the maximum in tens i ty .  Conversely, it i s  not the  r e f l e c t e d  
beam that i s  measured if the receiver i s  ro ta ted  f o r  constant tilt, but 
the  d i f f rac ted  beams, which are the  f a r t h e r  d i s t a n t  from the r e f l e c t e d  
beam, the  la rger  the tilt angle. ( C f .  curves XXVIII t o  XXX, f i g .  20.) 

The cones i n t e r s e c t  only when R - p < q. 

The a-c i rc le  ( c i r c l e  of i n t e r s e c t i o n  

) 

For a given posi t ion of the receiver  ( r o t a t i o n  about the  

The project ion of the uni t  sphere p a r a l l e l  t o  the z - a x i s  i s  more 
su i tab le  f o r  the  calculat ion of the d i f f r a c t i o n  angles. Then the  repre- 
sentat ion known i n  X - r a y  spectroscopy as t h e  "method of the  rec iproca l  
gr id"  i s  obtained. Figure 28 shows the spec ia l  case where the  incident  
beam l i e s  i n  the x,z-plane. The points p lo t ted  are the project ions of 
the  piercing points  of the diffracted beams with the u n i t  sphere. 
coordinates are given by the equations 

Their 

, . 
. 
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They form thus 
The cross-grid 

y = COS fl = COS j30 + h2 
d 

a g r i d  with the g r i d  constant 
spectra  investigated correspond t o  the points  P 1  and P2; 

h/d, t h e  " rec iproca l  gr id ."  

they come about only when P1 and P2 l i e  within the  equator c i r c l e .  
The project ion of the  receiver c i r c l e  likewise becomes a c i r c l e  about 
the  zero point with the  radius cos CTQ. 

points P1 and P2 do not l i e  on the receiver  c i r c l e ;  t h a t  t h e  d i f -  
f rac ted  beams thus are not caught by the receiver .  Therefore, i n  order 
t o  measure the d i f f r a c t i o n  spectra  given by the  points  P1 and P2, the  
receiver  would have t o  be adjusted i n  such a manner t h a t  the  project ion 
of the receiver c i r c l e  y ie lds  the dashed c i r c l e .  Then the angle do, 

which i s  measured between the pltzre of incidence and the plane de te r -  
nined by the z - a x i s  and the diffracted beam, would be given by 

It i s  seen again that the 

As mentioned 
of the  apparatus; 

h 1  t a n  90 = - 
d cos ClQ 

before, t h i s  simple case could not be r e a l i z e d  because 
instead,  the c r y s t a l  was t i l t e d  about the y-axis by 

the  angle 
the  z - a x i s  but i s  incl ined toward the z-axis by the  angle 
and the project ion of the receiver  i s  no longer a c i r c l e .  
measured between the plane of incidence and t h e  plane determined by the  
2'-axis and the d i f f r a c t e d  beam, i s  obtained by the  equation 

6 .  The axis of r o t a t i o n  of the receiver  then i s  no longer 
6 ( z l - a x i s ) ,  
The angle 9, 

1 t a n  7 9 '  = t a n  79 
cos 6 - ( s i n  6 )  \Itan2(% + S )  - tan29 

where 

. 

. 
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since i n  the  coordinate system x ' ,  y ' ,  z '  f ixed i n  space t a n  -9 '  = z, Y' 

the  above formula follows by subst i tut ion of the coordinates without 
primes. 
approximat ion 

Since a l l  occurring angles are s m a l l  (maximum 20°), the 

i s  s u f f i c i e n t  f o r  t h e  purposes considered. 

If the  d i f f i c u l t y  which stems from the f a c t  t h a t  the rece iver  c i r c l e  
i s  not mapped as a c i r c l e  i s  t o  be avoided, the  stereographic project ion,  
t h a t  is ,  the  project ion from a pole of the u n i t  sphere onto the equator 
plane must be used. 
on the surface of the  sphere are  again mapped as c i r c l e s .  
shows, as an example, t h i s  projection f o r  LiF and He of 180° K, 

A s  i s  wel l  known, i n  t h i s  project ion a l l  c i r c l e s  
Figure 29 

mgle  of incidence 18- lo , tilt 3'. P gives the  re f lec ted  beam, P1 the 2 
d i f f r a c t e d  beam. Because of the tilt, the receiver  c i r c l e  has an eccen- 
t r i c  posit ion; i t s  center does l i e  on the x-axis - however, not a t  the  
zero point,  but sh i f ted  toward the l e f t .  By performing t h e  project ion 
w i t h  consideration of the dimensions of beam and receiver  s l i t ,  it w a s  
ensured t h a t  the measured "center of gravity" of the  i n t e n s i t y  yields ,  
f o r  p r a c t i c a l  purposes, t h a t  is, within Lo the  same d i f f r a c t i o n  angle 

which i s  obtained when the dimensions are neglected. 
4' 

If the c r y s t a l  i s  ro ta ted  i n  i t s  plane by the angle E, the f o l -  
lowing equations are  obtained: 

cos = cos cos E 

cos Po = cos cb0 s i n  E 

' h e  tilt angle 6 i tself  i s  given by the equation 

* 

. . 

1 - dl - tan2790 
t a n  6 = 

2 tan ag 

according t o  a kind communication from M r .  W. Gordon. For the s m a l l  

angles appearing i n  these tests, the approximation i s  s u f f i c i e n t .  do2 

6=jG 
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where cb0 ( =  q f o r  E = 0)  i s  the angle between t h e  incident  beam 
and the  c r y s t a l  surface (glancing angle).  
t i o n  E the  e f f e c t  i s  t h a t  the diffract ion spectrum on one s i d e  s h i f t s  
c loser  t o  t h e  receiver c i r c l e  P1  i n  f i g .  30, p a r a l l e l  p ro jec t ion  par- 
a l l e l  t o  the z - a x i s  onto the x,y-plane with a coordinate system f ixed  
t o  the c r y s t a l )  and i s  therefore measured a t  small tilt angles, whereas 
the d i f f r a c t i o n  spectrum on the other  s ide s h i f t s  from t h e  rece iver  
c i r c l e  toward the equator c i r c l e  and thus requires  large tilt angles. 
Also, t h e  spectrum breaks off here f o r  much shor te r  waves than on the  
other  s ide,  because the  g r i d  points  corresponding t o  t h e  long waves 
already l i e  outside the  equator c i r c l e .  Figure 30 shows the  case 
which i s  measured as an example. For large E, f o r  instance E = 4 3 O ,  
the  d i f f r a c t i o n  spectra  t rea ted  here no longer come about a t  a l l .  

For s m a l l  angles of rota-  

( 

E = 8 O ,  

The calculat ion of the spectra lying i n  t h e  plane of incidence 
shows t h a t  they correspond perfect ly  t o  the  spectra  of a l i n e  g r i d .  

F i r s t  case:- Rotation i s  0'; that  is, a pr inc ipa l  axis of the  sur- 
face g r i d  of ions of the  same polar i ty  l i e s  i n  t h e  plane of incidence. 
( C f .  p. 2 . )  Then there  follows from the equations 

A COS P - COS Po = h2 - A 
COS u - COS q = h l  - 

d d 

because of h2 = 0, p = Po = 90' 

A 
3 COS u = COS CQ + h i  

t h a t  is, the  spectra of a line g r i d  with the  g r i d  constant d .  

Second case:- Rotation i s  45'. Then = PO, hl = h2, a = p 
and 2 cos2a = 1 - cos2y = cos2(R - 7) where 7 i s  the  angle with the 
z - a x i s  (perpendicular incidence). Therefore, 

COS(R - 7 )  = COS 01 

Because of 

Y 

h cos a = cos c[o + hl - and 
d 70 q = R - 
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2 1  

there  i s  

t h a t  is ,  the  spec t ra  are those of a l i ne  g r i d  with the  g r i d  constant  -. d 
E 

Calculation of the  Wavelength h, Having 

the  Greatest  In t ens i ty  

For the  ve loc i ty  d i s t r i b u t i o n  i n  the  molecular beam the re  appl ies  
according t o  Maxwell 14 

V2 
a2 

-- 
dn = C e  v3dv 

( a  
De Broglie there  i s  

i s  the most probable ve loc i ty  i n  the  gas a t  r e s t .  ) According t o  

h 

mh2 
and dv = - -  dh h o r  v = -  

mv mh 
A = -  h 

if 

there  r e s u l t s  

2 
dn = C'e 1 dh = C'f(h)dh 

A5 

l4Cf ' .  the remark of A .  Einstein i n  Z e i t s c h r i f t  fiir Physik 3 ,  1920, 
p .  417. 
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. For the  wavelength of g rea t e s t  in tens i ty ,  dn = C' f (h )  i s  a m a x i -  
dh 

e* mum, thus  
m o  

e.*. 
e* e 

m a  
e em 
meem 
e 

e.. 

Hence, follows 

Here 

thus,  

The numerical values f o r  the  gr id  constant d have been taken 
from Landolt-Bdrnstein; f o r  

NaC1:d = 3.980 x 10e8cm 

and f o r  

LiF:d = 2.843 x 10'8cm 

The values of Am and h d f o r  the cases invest igated are given i n  
t ab le  5 .  m l  
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With the aid of these values and the equation derived above 

tan 9 '  = ( tan  90) 1 1 
the d i f f r a c t i o n  angles of h, 
i s  required t h a t  the m a x i m a  of 

given i n  the text are calculated.  I f  it 
the curves agree as t o  pos i t ion  wi th  the - 

d i f f r a c t i o n  angles calculated for Am, the  dispers ion i s  presupposed t o  
be constant.  For the cross-grid spectra that were invest igated,  t h i s  
i s  always t rue  with s u f f i c i e n t  approximation. For the  
l ine-gr id  spectra  also,  the s h i f t  of the i n t e n s i t y  m a x i m u m  caused by 
the var iable  dispersion i s  generally s m a l l  i n  the cases invest igated.  
The calculat ion of t h i s  s h i f t  is, br ief ly ,  as follows: Here 

( C f .  p .  10. ) 

cos(R - i) = cos(R - yo) k (hl = fl) 

and 

dn = C'e " 1 dh = C'f(h)dh = C"cp(7)dy 
A5 

the  maximum of t h i s  curve l i es  a t  

whence there  r e s u l t s  t h a t  



24 

where 
i n t e n s i t y  and Am i s  the pertaining wavelength. The s h i f t  of the 
i n t e n s i t y  m a x i m u m  calculated from the above (for small shifts an approxi- 
mation formula w a s  used) always increases the angle ( R  - y") with  the 
c r y s t a l  surface.  For h = +1 (diffracted beam between c r y s t a l  surface 
and r e f l e c t e d  beam), this s h i f t  ts, for  the angle of incidence of 45O, 
11' (R - 7,  = 19' instead of 8 O ) ,  but even f o r  an angle of incidence of 
only 5 5 O ,  it i s  not more than 2O, and f o r  the l a r g e r  angles of incidence, 
it i s  still smaller; f o r  
the re f lec ted  beam) it i s  always at most 1' or smaller. 

ym i s  the d i f f r a c t i o n  angle t o  which corresponds the  g r e a t e s t  

h = -1 (di f f rac ted  beam on the other  s ide of 

c 
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Figure 25. - Construction of the cross-grid spectra. 
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Figure 26. - Parallel  projection parallel to the x-axis onto the y,  z-plane. 
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Figure 27. - Parallel projection for a tilted crystal. 
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Figure 28. - Parallel projection parallel to the z-axis onto the x,y- 
plane; reciprocal grid. 



Figure 29. - Construction of the diffracted beam in stereographic 
projection for a tilted crystal. 
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Figure 30. - Parallel projection for a rotated crystal. 


